We demonstrate the inplane anisotropy of longitudinal thermal conductivities and the weak localization of magnons in a disordered screw-type spiral magnet on a square lattice. We consider a disordered spin system, described by a spin Hamiltonian for the antiferromagnetic Heisenberg interaction and the Dzyaloshinsky-Moriya interaction with the mean-field type potential of impurities. We derive longitudinal thermal conductivities for the disordered screw-type spiral magnet in the weak-localization regime by using the linear-response theory with the linear-spin-wave approximation and performing perturbation calculations. We show that the inplane longitudinal thermal conductivities are anisotropic due to the Dzyaloshinsky-Moriya interaction. This anisotropy may be useful for experimentally estimating the magnitude of a ratio of the Dzyaloshinsky-Moriya interaction to the Heisenberg interaction. We also show that the main correction term gives a logarithmic suppression with the length scale due to the critical back scattering. This suggests that the weak localization of magnons is ubiquitous for the disordered two-dimensional magnets having global time-reversal symmetry. We finally discuss several implications for further research.
I. INTRODUCTION
Weak localization of magnons can occur in a disordered collinear antiferromagnet 1 . A disordered magnet is realized by substituting part of magnetic ions in a magnet by different ones, which are of the same family in the periodic table 1, 2 . This partial substitution modifies the values of exchange interactions, and the main effect can be treated as the mean-field type potential 1,2 . Since collinear antiferromagnets have global time-reversal symmetry, magnons in disordered two-dimensional collinear antiferromagnets will show some characteristic transport properties in the weak-localization regime, where the effects of disorder can be treated as perturbation.
(Here the time-reversal symmetry is defined as the symmetry against time-reversal operation for a closed, isolated physical system 3, 4 ; our time-reversal symmetry is a global one because we have considered not the timereversal symmetry at a site, i.e., the local one, but the time-reversal symmetry for the system.) Actually, we demonstrated several properties due to the weak localization of magnons 1, 2 . For example, by treating magnons of disordered Heisenberg antiferromagnets in the linearspin-wave approximation and deriving the longitudinal thermal conductivity of magnons in the linear-response theory with perturbation calculations, we showed that the main correction term in the weak-localization regime in two dimensions diverges in the thermodynamic limit and drastically suppresses the magnon thermal current parallel to temperature gradient 1 . The results 1 of the disordered collinear antiferromagnet provoke two key questions. The first one is whether the weak localization of magnons occurs in other disordered magnets having global time-reversal symmetry; the second one is how differences in the magnetic structure and exchange interactions affect transport properties of disordered magnets. These questions will be natural because global time-reversal symmetry is vital for the weak localization 1, 5, 6 , and because some magnets, such as Ba 2 CuGe 2 O 7 7-9 , have not only the Heisenberg interaction, but also the Dzyaloshinsky-Moriya interaction 10, 11 , which is absent in the disordered collinear antiferromagnet. These questions are also useful for understanding the generality of the weak localization of magnons and specific properties in each magnet.
To answer these questions, we may need to analyze the thermal transport of magnons in a disordered screw-type spiral magnet. A screw-type spiral magnet 12 has the magnetic structure described by, for example, S i = t (S sin θ i 0 S cos θ i ) with θ i = Q · i, where S is the spin quantum number, and Q is the ordering vector. Such a screw-type spiral state becomes the most stable ground state in a spin model for the antiferromagnetic Heisenberg interaction and the DzyaloshinskyMoriya interaction on a square lattice 13 . Then the screwtype spiral magnet has global time-reversal symmetry because its magnetic structure can be regarded as a set of antiferromagnetic-like pairs with different, relative angles (i.e., a set of the pair for S 0 and − S 0 , the pair for S 1 and − S 1 , etc.). This property is reasonable because the collinear Heisenberg antiferromagnet has global time-reversal symmetry and the Dzyaloshinsky-Moriya interaction is symmetric about time reversal 14 . Thus a disordered screw-type spiral magnet is suitable for comparison with the disordered collinear antiferromagnet.
However, there is no theoretical study about magnon transport in the disordered screw-type spiral magnet. Such a study is needed to justify the weak localization of magnons and understand the effects of the different magnetic structure and exchange interactions. Although there is a previous theoretical study 15 about the effect of the Dzyaloshinsky-Moriya interaction in a disordered magnet, this magnet lacks global time-reversal symmetry. It may be desirable to study thermal transport properties of magnons in the disordered screw-type spiral magnet. This is because the back scattering is critical only in the arXiv:1712.05575v2 [cond-mat.dis-nn] 23 Jul 2018 presence of time-reversal symmetry 2, 6 , because the critical back scattering is not sufficient to justify the weak localization and for the justification an analysis of a transport property is necessary. Here the critical back scattering means the divergence of the particle-particle-type four-point vertex function in the limit |Q| = |q +q | → 0. Note that in a three-dimensional disordered metal the correction term to the longitudinal conductivity in the weak-localization regime approaches zero in the thermodynamic limit, although the back scattering is critical 6 . In the situation where the back scattering is critical, it is also coherent (for the details, see Appendix A).
In this paper we study longitudinal thermal conductivities for a disordered two-dimensional spiral magnet in the weak-localization regime. The aims of this paper are to clarify effects of the Dzyaloshinsky-Moriya interaction, which is absent in the disordered antiferromagnet 1,2 , and to justify whether the weak localization of magnons occurs in another disordered magnet having global time-reversal symmetry. Our spin Hamiltonian includes the antiferromagnetic Heisenberg interaction and the Dzyaloshinsky-Moriya interaction on a square lattice on a xz plane. We take account of the main effect of the partial substitution of magnetic ions by the mean-field type potential. Treating magnons in the linear-spin-wave approximation [16] [17] [18] and using the linear-response theory and several approximations used for the disordered antiferromagnet 1 , we derive the longitudinal thermal conductivities of magnons for the disordered screw-type spiral magnet in the weak-localization regime. We show that the inplane longitudinal thermal conductivities are anisotropic due to the Dzyaloshinsky-Moriya interaction, which results in the difference between magnon propagation parallel and perpendicular to the spiral axis. We also show that the weak localization of magnons occurs in the disordered screw-type spiral magnet. Then we compare the properties of the disordered spiral magnet with those of the disordered antiferromagnet and discuss the validity of our approximation and the implications for further theoretical or experimental studies.
II. MODEL
The Hamiltonian of our model consists of two parts:
whereĤ 0 is the Hamiltonian without impurities, and H imp is the Hamiltonian of impurities. In the remaining part of this section, we first explain the details of H 0 , and then the details ofĤ imp . ForĤ 0 andĤ imp expressed in terms of magnon operators, see Eqs. (17) and (33). Throughout this paper we seth = 1 and k B = 1.
A.Ĥ0
AsĤ 0 , we consider the Heisenberg interaction and Dzyaloshinsky-Moriya interaction between nearestneighbor magnetic ions on a square lattice on a xz plane:
Here
i,j is the summation for nearestneighbor magnetic ions at i = t (i x i z ) and j = t (j x j z ) on the square lattice; J ij is the antiferromagnetic Heisenberg interaction, given by
where J > 0; D ij is the Dzyaloshinsky-Moriya interaction, given by
where D > 0. We use Eq. (2) as the Hamiltonian without impurities because this is a minimal model for a screwtype spiral magnet. As shown in Appendix B, the most stable ground state in the mean-field approximation is a screw-type spiral magnet, characterized by
where
) and Q z = π; the ground-state energy of this state is always lower than that of the antiferromagnetic state for q = t (π π) as long as D is finite. The magnetic structure is schematically illustrated in Fig. 1 .
To describe magnon properties ofĤ 0 , we expressĤ 0 in terms of magnon operators by using the linear-spin-wave approximation. For the details of the linear-spin-wave approximation for a noncollinear magnet, see Refs. 16, 17 and 18. First, we introduce a rotation matrix, defined as follows:
where Ŝ i = t (0 0 S). We have introduced this matrix because the Holstein-Primakoff transformation for a collinear ferromagnet is applicable toĤ 0 expressed in terms ofŜ i . For the screw-type spiral magnet, R i is
the magnon operators.) Since only the quadratic terms of magnon operators are considered in the linear-spinwave approximation, the magnon Hamiltonian without impurities for the screw-type spiral magnet in the linearspin-wave approximation is given bŷ
ij =J ij ± J ij . Then we can obtain the energy dispersion relation of magnon bands for our spiral magnet by using the Fourier transformations and the Bogoliubov transformation. By using the Fourier transformations of the magnon operators in Eq. (16), e.g.,
, we obtain
rirj e iq·(ri−rj ) , with z, the coordination number. Equation (17) can be also expressed as follows:
wherex q1 =b q ,x q2 =b † −q , H 11 (q) = H 22 (q) = A(q), and H 12 (q) = H 21 (q) = B(q). We can diagonalize Eq. (17) by using the Bogoliubov transformation,
where the hyperbolic functions are determined by
The diagonalized Hamiltonian is given bŷ where
The most important property of the energy dispersion relation is the degeneracy of magnon bands because this degeneracy results from global time-reversal symmetry 19 ; a similar degeneracy exists in a collinear antiferromagnet 1 . (This degeneracy is similar to the Kramers degeneracy in an electron system with time-reversal symmetry.) For other important properties, see Appendix D.
B.Ĥ imp
We constructĤ imp in a similar way to the disordered antiferromagnet 1,2 . We introduce impurities into the screw-type spiral magnet by substituting part of the magnetic ions by different ones, which belong to the same family in the periodic table; our disordered system is schematically illustrated in Fig. 2 . We have considered such a partial substitution because the magnetic ions in the same family have the same S and because its main effect is to modify the values of exchange interactions 1,2 . For our spiral magnet, described by Eq. (11), such a modification can be described as the following spin Hamiltonian:
with
In Eqs. (26) and (27) N 0 represents the nonsubstituted magnetic ions (i.e., orange circles in Fig. 2 ) and N imp represents the impurities (i.e., blue circles in Fig. 2 ). We assume that J and J are much smaller than J, and that D and D are much smaller than D. Owing to these assumptions, the effects ofĤ imp can be treated as perturbation; under these assumptions the effects of J , J , D , and D on the spin-spiral angle, Q · i of S i , are negligible. In addition, since the dominant terms of Eq. (25) come from the mean-field terms and magnetic ions in the same family in the periodic table have the same S,Ĥ imp can be approximated as follows:
where j∈N is the summation for all sites, and j∈Nimp is the summation for impurity
, where z and z are the coordination numbers for ∆J ij =J ij and J ij , respectively. In the derivation of Eq. (30) we have used Ŝ i = t (0 0 S). In a similar way toĤ 0 , we can expressĤ imp in terms of magnon operators:
In the following analyses we neglect the first term of Eq. (31) for simplicity because its effect is a small, uniform shift of the diagonal terms ofĤ 0 in Eq. (17), i.e., shifting A(q) into A(q) + V . We thus use the following as the Hamiltonian of impurities:
III. LINEAR-RESPONSE THEORY
To analyze magnon transport of the disordered spiral magnet, we consider longitudinal thermal conductivities under local equilibrium with local energy conservation. A longitudinal thermal conductivity, κ αα , is defined as j α E = κ αα (−∂ α T ), where (−∂ α T ) is the temperature gradient along the α axis, and j α E is the density of the energy current parallel to the temperature gradient. This conductivity is suitable for analyses of the weak localization of magnons in the presence of global time-reversal symmetry because this can be finite even with global timereversal symmetry. (Note that other conductivities, such as the thermal Hall conductivity, are not suitable because those can be zero at finite temperatures even without impurities.) Because of the local equilibrium, the local temperature can be defined. Then, because of the local energy conservation, the energy current operator can be derived from the following equation 20 :
whereĥ j is given byĤ = jĥ j . By calculating the right-hand side of Eq. (34) forĤ =Ĥ 0 , we obtain the energy current operator of a magnon for our disordered spiral magnet,Ĵ
The details of this derivation are described in Appendix E. For the energy current operator we have neglected the terms due to the combination ofĤ 0 andĤ imp because in the weak-localization regime these terms will be negligible compared with the terms of Eq. (35). By using the linear-response theory for κ αα , we can express κ αα as follows:
Substituting Eq. (35) into Eq. (39) and using a technique of the quantum field theory 21-23 , we can express K αα (iΩ n ) in terms of magnon Green's functions:
where D ab (q, q , iΩ m ) is the Green's function of a magnon in the Matsubara-frequency representation before taking the impurity averaging. Then, by calculating the summation over the Matsubara frequency in Eq. (40) and carrying out the analytic continuation (i.e., iΩ n → ω + i0+), κ αα can be expressed as follows:
Here n( ) = (e /T − 1) is the Bose distribution function;
ab (q, q , ) are the retarded and advanced Green's functions in the real-frequency representation before taking the impurity averaging. Equation (41) provides a starting point for formulating an approximate theory in the weak-localization regime.
IV. WEAK-LOCALIZATION THEORY
We formulate the weak-localization theory for magnons of our disordered spiral magnet. The weak-localization theory is an approximate theory in the weak-localization regime because this takes account of the main effect of impurities 1, 5, 6 in the weak-localization regime. Since in Eq.
(41) the main contribution in the weak-localization regime comes from the term including
1,5,6 , κ αα can be approximated as follows:
Then, by carrying out the perturbation expansions for the magnon Green's functions in Eq. (42), taking the impurity averaging, and considering only the dominant terms, κ αα can be expressed as follows:
where κ (Born) αα is the term in the Born approximation,
and ∆κ αα is the main correction term in the weaklocalization regime,
We have introduced the following quantities:
ab (q, ) are the retarded and advanced Green's functions after taking the impurity averaging; Γ abcd (Q, ) is the particle-particle type four-point vertex function. These Green's functions are determined from the Dyson equation for the self-energy in the Born approximation; for example,D
where δ = 0+, U 1α (q) = U 2β (q) = cosh θ q , U 1β (q) = U 2α (q) = − sinh θ q , and n imp is the impurity concentration. In addition, Γ abcd (Q, ) is determined from the following Bethe-Salpeter equation:
Then we introduce two simplifications. One is to neglect the real part of the self-energy, i.e., consider only the imaginary part; as a result,
The other is to approximate D
0(R)
ab (q, ) and D
0(A)
ab (q, ) as follows:
These simplifications, which are similar to those for the disordered antiferromagnet 1 , will be appropriate for a rough estimate of the main effect of impurities because the imaginary part of the self-energy is vital for the weak localization 1, 5, 6 , and because the main contribution to D 0(R) ab (q, ) for > 0 or < 0 comes from the first or second term, respectively, of Eq. (47).
By using the above two simplifications, we can obtain the approximate expressions ofD 
where q of cosh 2 θ q and sinh 2 θ q are determined by (q) = | |, and ρ( ) is the density of states. Second, by substituting Eqs. (56) and (57) into Eq. (50) and performing the calculations described in Appendix F, we can express Π abcd (Q, ) for small Q = |Q| as follows:
where u aν = U aν (q 0 ) (ν = α, β), c 2 0 = cosh 2 θ q0 , ∂q1 ], as the typical values at a certain, small momentum q 0 for a rough estimate because the dominant contributions come from the contributions for small q 1 = |q 1 |. Note, first, that the group velocity of the magnon for q = 0 is zero in our spiral magnet; second, that since the small-momentum contributions are dominant in the summation, the sum of a function F (q) might be approximated by q F (q) ∼ 0≤|q|≤qc F (q) ∼ F (q 0 ) 0≤|q|≤qc , where q c is a cut-off value. (In a rough sense this approximation is similar to a replacement of a momentum-dependent quantity in an electron system by the quantity at the Fermi momentum.) We have shown the approximate expression of Π abcd (Q, ) only for small Q because the contributions for small Q lead to the main contribution to ∆κ αα through the diverging contribution of Γ abcd (Q, ) for Q = q + q . Third, by combining Eq. (59) with Eq. (49) and solving the Bethe-Salpeter equation in the way described in Appendix G, we obtain the approximate expression of Γ abcd (Q, ) for small Q:
Since Γ abcd (Q, ) diverges in the limit Q → 0, the particle-particle type multiple scattering, described by Γ abcd (Q, ), for Q = q + q = 0 provides the diverging contribution to ∆κ αα . We can also obtain the approximate expressions of κ (Born) αα and ∆κ αα . First, by combining Eqs. (44), (36), (37), (56), and (57), we obtain
In deriving Eq. ∂ (q) } andτ [ (q)] because the contributions near = (q) or = − (q) are dominant for > 0 or < 0, respectively. Then we can obtain the approximate expression of ∆κ αα in the following way. To estimate the main effect of the diverging contribution of Γ abcd (q + q , ), we set q = −q in Eq. (45) except for Γ abcd (q + q , ) and introduce the cutoff values for the upper and lower values of the summation over q ; the lower cutoff value is |Q| = |q + q | = L −1 , which approaches zero in the thermodynamic limit, and the upper cutoff value is
m with the mean-free path L m . As a result, ∆κ αα is given by
. Combining Eqs. (63), (36), (37), (56), (57), and (60), we obtain
In this derivation we have used the approximations used to derive Eqs. (59) and (61). Equation (64) shows that ∆κ αα leads to a negative logarithmic divergence in the thermodynamic limit. This is the same behavior as the weak localization of magnons in the disordered antiferromagnet 1 ; the differences between the disordered spiral magnet and the disordered antiferromagnet are the different expressions of κ (Born) αα andṽ 2 0 . We thus conclude that the weak localization of magnons occurs in the disordered screw-type spiral magnet in two dimensions.
We now turn to the inplane anisotropy of longitudinal thermal conductivities. For our screw-type spiral magnet on a xz plane, the spiral axis is parallel to a x axis and perpendicular to a z axis, as shown in Fig. 1 ; this is because
) and Q z = π. Since this spiral alignment in a x direction results from the combination of the antiferromagnetic Heisenberg interaction and the Dzyaloshinsky-Moriya interaction, we expect that κ xx and κ zz are different and this difference is connected to a ratio of the Dzyaloshinsky-Moriya interaction to the Heisenberg interaction. To justify this expectation, we estimate κ xx /κ zz ; the situations for κ zz and κ xx are schematically illustrated in Fig. 3 . From Eqs. (43), (61), and (64) we have
. (66) Since the contributions for small q = |q| are dominant due to the {−
∂n[ (q)]
∂ (q) }, we estimate κ xx /κ zz by replacing q inẽ x (q) 2 andẽ z (q) 2 by q 0 ; as described above, q 0 is a certain momentum whose magnitude is small. As a result, κ xx /κ zz is estimated as follows:
To estimate this quantity, we calculate the numerator and denominator by considering the dominant terms including the leading correction from D/J because D will be typically smaller than J. After some calculations, described in Appendix H, we obtain
Thus the inplane anisotropy of longitudinal thermal conductivities is proportional to the squared ratio of the Dzyaloshinsky-Moriya interaction to the Heisenberg interaction:
This result indicates that it is possible to estimate the magnitude of D/J by measuring the inplane anisotropy of longitudinal thermal conductivities.
V. DISCUSSION
We first compare properties for the disordered spiral magnet and the disordered collinear antiferromagnet 1 . The same properties are global time-reversal symmetry, the diverging behavior of the particle-particle type fourpoint vertex function for the back scattering, and the negative logarithmic divergence of ∆κ αα for L → ∞. This suggests that the weak localization of magnons is not unique only for the disordered collinear antiferromagnet, but ubiquitous for the disordered magnets having global time-reversal symmetry. The major differences are the alignments of spins and the inplane anisotropy of longitudinal thermal conductivities: only one of the three components of Ŝ α i (α = x, y, z) is finite in the collinear antiferromagnet, whereas two are finite in the screw-type spiral magnet; κ xx and κ yy are the same in the collinear antiferromagnet on a xy plane, whereas κ xx and κ zz are different in the screw-type spiral magnet on a xz plane. The difference in the spin alignments arises from the effect of the Dzyaloshinsky-Moriya interaction, which is finite only for the screw-type spiral magnet. The difference in the inplane anisotropy of κ αα arises from the different spin alignments; in the screw-type spiral magnet the inplane longitudinal thermal conductivities become anisotropic due to the difference between magnon propagations parallel and perpendicular to the spiral axis.
We next discuss the validity of our approximation. We used the linear-spin-wave approximation, which took account of the quadratic terms of magnon operators. We believe this approximation is sufficient to analyze transport properties for low-energy magnons in twodimensional magnets at low temperatures because sev-eral previous theoretical studies suggest that the terms neglected in the linear-spin-wave approximation may not change our main results at least qualitatively. First, some studies 24 for a S = 1/2 Heisenberg antiferromagnet on a square lattice show that the effects of the zero-point fluctuations and the magnon-magnon interaction are small at low temperatures. This result suggests that the corrections due to the zeroth-order term of magnon operators and the fourth-order (and higher-order) terms will be small at least at low temperatures. Then the theoretical studies for noncollinear antiferromagnets 25, 26 show that the third-order terms of magnon operators induce the magnon-magnon interaction characteristic of noncollinear magnets, such as spiral magnets, and that its effects on the energy dispersion and damping for lowenergy magnons are small. Since low-energy magnons give the dominant contributions to the longitudinal thermal conductivities of magnons, the third-order terms also may not change our main results at least qualitatively.
We turn to implications for further theoretical studies. First, an analogy with the disordered collinear antiferromagnet 2 suggests that the disordered screw-type spiral magnet may show a characteristic property of magnetothermal magnon transport in the presence of a weak external magnetic field. This could be demonstrated by the theory for the disordered spiral magnet with the weak external magnetic field. Second, by combining our theory without using the two simplifications with firstprinciples calculations, it is possible to study material varieties of the weak localization of magnons in various disordered magnets. For the first-principles calculations, a set of Eqs. (43)-(50) is more appropriate than the theory using the two simplifications. Third, our theory can be extended to not only other disordered spiral magnets, but also disordered chiral magnets, which have finite spin scalar chirality. Whereas spin scalar chirality for certain three sites breaks local time-reversal symmetry for the three sites, global time-reversal symmetry could hold in some disordered chiral magnets; this could be possible if the disordered chiral magnet has the magnetic structure consisting of time-reversal symmetric pairs for spin scalar chirality [e.g., Ŝ i · (Ŝ j ×Ŝ k ) and
We finally discuss implications for experiments. First, the weak localization of magnons in our disordered spiral magnet can be experimentally observed by measuring κ αα . If κ αα is measured at very low temperatures, at which the inelastic scattering due to the magnon-magnon interaction is negligible, the weak localization of magnons will be observed as the drastic suppression of the magnon thermal current parallel to temperature gradient as a result of the logarithmic dependence of ∆κ αα on L. If the measurement is performed at low temperatures, at which the inelastic scattering is small but non-negligible, the weak localization of magnons would be observed as the logarithmic temperature dependence of κ αα ; this is based on a similar argument 1 to the effect of the inelastic scattering for electrons 27, 28 . Second, the inplane anisotropy [7] [8] [9] ; in this magnet, the spin alignment along a direction on the square lattice is spiral, and the spin alignment along the perpendicular direction is antiferromagnetic. These spin alignments are similar to those for our screw-type spiral magnet, whereas there are some differences in the details. Then replacing part of Cu ions by Ag ions will be suitable for impurities because this replacement keeps the spin quantum number S unchanged and its main effect is to modify the exchange interactions 1,2 . We believe Ba 2 Cu 1−x Ag x Ge 2 O 7 is a probable material for the weak localization of magnons and the inplane anisotropy of longitudinal thermal conductivities. This is because the inplane anisotropy results from the difference between magnon propagation along the spiral spin alignment and along the antiferromagnetic spin alignment, and because the magnetic structure of Ba 2 Cu 1−x Ag x Ge 2 O 7 without external fields may have global time-reversal symmetry and such spin alignments.
VI. SUMMARY
We have studied the longitudinal thermal conductivities of magnons in the disordered screw-type spiral magnet in the weak-localization regime. We used the spin Hamiltonian consisting of the antiferromagnetic Heisenberg interaction and the Dzyaloshinsky-Moriya interaction on a square lattice on a xz plane. We also considered the mean-field type spin Hamiltonian of impurities by treating disorder effects as the changes of these exchange interactions. By using the linear-response theory with the linear-spin-wave approximation for the screwtype spiral magnet and performing the perturbation calculations, we derived the longitudinal thermal conductivities including the main correction term in the weaklocalization regime. We showed that κ xx and κ zz are different due to the difference between magnon propagations parallel and perpendicular to the spiral axis. This anisotropy is different from the isotropic result in the disordered two-dimensional antiferromagnet, and its measurement may be useful for experimentally estimating the magnitude of D/J. We also showed that the main correction term gives the negative logarithmic divergence in the thermodynamic limit due to the critical back scattering. This is the same as the weak localization of magnons in the disordered two-dimensional antiferromagnet 1 , and thus suggests the generality of the weak localization of magnons in the disordered two-dimensional magnets having global time-reversal symmetry.
eigenfunction for the following equation under the hard-spin constraint:
and Ŝ α i satisfies the hard-spin constraint,
and the coefficients for j − i = (0 1) are
Thus Eq. (C1) is reduced to Eq. (11).
Appendix D: Properties of the energy dispersion relation of magnon bands
In this appendix we explain several important properties of the energy dispersion relation of magnon bands for our spiral magnet. Before explaining the properties, we show the equation of (q) in terms of J and D. Since A(q) and B(q) for our model are expressed as
and
respectively, we obtain
If we set q = 0 in Eq. (D3), we obtain (0) = 0. This means that the screw-type spiral magnet has the Goldstonetype gapless excitation. This is consistent with the argument based on the rotational symmetry in the spin space 31 because in our spiral magnet two of the three components of Ŝ α i (i.e., Ŝ x i and Ŝ z i ) are finite and because in such a case the Goldstone-type gapless excitation is expected to exist without magnetic anisotropy terms.
Then, since the magnon energy is non-negative, the magnon energy is minimum at q = 0 in our spiral magnet. This result is consistent with the assumption that the screw-type spiral state remains stable even including low-energy excitations, i.e., magnons, because magnons describe the displacement of spins from the ground-state alignment, because the magnon for q = 0 corresponds to the uniform displacement, and because the uniform displacement induces no additional symmetry breaking. If the magnon energy is minimum at q = Q I and −Q I , this means either that magnons break a certain inversion symmetry which exists without magnons, or that it is necessary to choose a more stable ground state as the starting point for considering magnons.
For a rough estimate of Eq. (F2) we approximate momentum-dependent U aα (q 1 ) and v q1 as the typical values at a certain, small momentum q 0 , U aα (q 0 ) = u aα and v q0 ; this will be sufficient because the dominant contributions come from the small-q 1 contributions. As a result of this approximation, Eq. (F2) is expressed as follows:
Here we have replaced (cosh 2 θ q1 + sinh 2 θ q1 ) 2 inγ( ) by (cosh 2 θ q0 + sinh 2 θ q0 ) 2 = (c 
To obtain M −1 , we need to calculate the cofactor matrix and determinant of M . After some algebra, we obtain 
